We derive an alternative formulation of the field equations for macroscopic electromagnetic fields in a linear magneto-dielectric medium as an identity of the Maxwell-Minkowski equations, complementing a variety of other representations including the Ampère, Chu, Lorentz, and Minkowski formulations of continuum electrodynamics. In the new formulation of the macroscopic field equations, the material properties are carried as a renormalization of the temporal and spatial coordinates instead of as independent material constants and the electromagnetic energy density is explicitly quadratic in the renormalized macroscopic electric and magnetic fields corresponding to a conservative system with real eigenvalues.
I. INTRODUCTION
The equations of motion for macroscopic electromagnetic fields in a transparent linear magneto-dielectric medium are not unique. In A Dynamical Theory of the Electromagnetic Field, Maxwell cast his theory of electromagnetism in terms of 20 quantities and 20 equations [1] . A decade later, Maxwell had reformulated his theory and the 28 "fundamental equations ... are scattered throughout more than twenty pages of text spanning two chapters" [2] of A Treatise on Electricity and Magnetism. The vector description of electrodynamics was later introduced by Heaviside. In a polarizable, magnetizable linear medium, the familiar vector field equations [3] [4] [5] [6] , are known as the Maxwell-Minkowski equations, the Maxwell-Heaviside equations, or the macroscopic Maxwell equations, although this is often shortened to simply 'the Maxwell equations.' Here, the macroscopic fields, E, D, B, and H, are functions of position, r, and time, t. The transparent linear medium is treated as being source free in order to focus on the fundamental physical issues.
There are other formulations of the macroscopic Maxwell equations that are used to emphasize various features of continuum electrodynamics. In the Chu formalism of electrodynamics [7] [8] [9] , for example, ∇ · E c = −∇ · P c , (1.2d) the material response is separated from the electric field E c and the magnetic field H c . The Ampère and Lorentz formulations of the field equations are also extant in the recent scientific literature [7] [8] [9] .
In the current work, we derive yet another formulation of the Maxwell equations of motion of macroscopic fields in a transparent linear magneto-dielectric medium. As a carefully derived identity of the Maxwell-Minkowski equations, the new set of field equations constitute a valid formulation of Maxwellian continuum electrodynamics that describes the physics of light propagating in a transparent linear magneto-dielectric medium. The new formulation is equivalent to the Maxwell-Minkowski formulation with a simple reparameterization of variables and operators with the difference being that the material properties are carried as a renormalization of the temporal and spatial coordinates instead of as independent material constants. Like the Maxwell-Minkowski equations, the new field equations reduce to the vacuum Maxwell equations in the limit of empty space so that no fundamental physical principles are violated by the reformulation. It is a matter of some concern that the new field equations appear to be inconsistent with some lessthan-fundamental physical principles that are obtained by extrapolating the fundamental physical principles to the non-vacuum environment of a linear medium, e.g., von Laue [10, 11] dielectric special relativity [12] . It is the purpose of this article to firmly establish that the new field equations are, indeed, identities of the macroscopic Maxwell-Minkowski equations for a simple linear medium so that we can use these results in other work without further argument about their validity.
II. MAXWELLIAN CONTINUUM ELECTRODYNAMICS
We define a simple linear medium as an idealized model of a medium that can be treated as being at rest in the local coordinate frame and as having a real, timeindependent linear permittivity ε(r) and a real, timeindependent linear permeability µ(r) corresponding to the frequency of a monochromatic field, or to the center frequency of a quasimonochromatic field [12] . More complicated models of the material can be accommodated, but the fundamental physical effects are more clearly presented with this commonly used model. Substituting the usual constitutive relations
into the Maxwell-Minkowski equations, Eqs. (1.1), one obtains
for the dynamics of macroscopic fields in a simple linear medium. Let
and substitute the time-independent parameters n e (r) and n m (r) into Eqs. (2.2). We algebraically obtain
Next we use common vector identities [3] [4] [5] [6] to commute the material parameters, n e (r) and n m (r), with the vector differential operators obtaining
We reparamaterize the macroscopic electric and magnetic fields by introducing constitutive relations Π = −n e (r)E (2.6a) 
Equations (2.7) are identities of the macroscopic Maxwell equations, Eqs. (2.2), for a linear magnetodielectric medium.
As long as we use the common and well-established model of a monochromatic/quasimonochromatic field propagating through a simple linear medium, Eqs. (2.7) constitute a valid alternative formulation of the macroscopic Maxwell field equations with the same regime of applicability including the same material parameters, the same boundary conditions, and the same limiting cases. It is straightforward, although cumbersome, to apply this procedure to more complex models of the medium.
We write a new timelike coordinatē
and note that n e is not explicitly a function of time for the simplified model of a linear medium that we are treating here. We substitute Eq. (2.8) into Eqs. (2.7) to produce
We introduce the notation Although we can retain the spatial dependence of n m and n e , we will adopt the limit of an arbitrarily large, transparent, linear, isotropic, homogeneous, magnetodielectric medium in order to proceed with the fundamental physical issues without unnecessarily complicated formulas. Although a real-world material cannot be of infinite extent, an arbitrarily large medium can be treated as infinite in the sense that light cannot reach the boundaries of the medium in the finite time that it takes to perform an experiment. For this limit, we introduce new spatial variablesx [7-9, 12, 18-25] .
Electromagnetic energy and momentum conservation laws can be derived from the alternative formulation of the macroscopic field equations in a manner that is similar to the usual derivation of the energy and momentum conservation laws from the Maxwell-Minkowski equations [12, 25] . Forming the scalar product of Eq. (2.9a) with Π and the scalar product of Eq. (2.9c) with β β and subtracting the second result from the first result produces a continuity equation
In our limit of an arbitrarily large, effectively spatially infinite, linear, isotropic, homogeneous medium, or in a piecewise homogeneous linear medium, we obtain 
of which we now have 730 identified variants. We now derive momentum continuity equation from our alternative field equations, Eqs. (2.9). The vector cross product of β β with Eq. (2.9a) is
(3.4) The cross product of Eq. (2.9c) with Π is 
In what follows, the index convention for Greek letters is that they belong to {0, 1, 2, 3} and lower case Roman indices from the middle of the alphabet are in {1, 2, 3}.
Coordinates (x 1 , x 2 , x 3 ) are (x, y, z), as usual, and x 0 is ct. The Kronecker delta δ ij is one if the two indices are equal and is otherwise zero. Adapting the procedure in Ref. [3] , we substitute the product of Eq. (2.9b) with −β β and the product of Eq. (2.9d) with −Π into Eq. (3.6) and we obtain a vector differential equation,
in component form. Here, W C is a traceless, diagonally symmetric matrix with components
and f C is a complicated gradient force
that depends on spatial derivatives of n e and n m . Then for simple linear materials with piecewise homogeneous dielectric and magnetic properties or for arbitrarily large homogeneous simple linear media, we obtain the continuity equation
The momentum continuity equation, Eq. (3.7), is equivalent to the Maxwell-Minkowski formulation of the momentum conservation law
where W M is the non-symmetric matrix with components
and f M is the Minkowski gradient force
The momentum continuity equation, Eq. (3.7), is also equivalent to the momentum continuity equation in the various other formulations of Maxwellian continuum electrodynamics [7-9, 12, 18-25] .
IV. TENSOR DIFFERENTIAL EQUATION FORMULATION
Just as the macroscopic field equations and conservation laws can have different formulations that are consistent with Maxwellian continuum electrodynamics, we can construct the tensor formulation of continuum electrodynamics in various ways. Here we demonstrate the tensor formulation of the particular field equations and conservation laws that were derived above.
The scalar energy continuity equation, Eq. (3.1), and the three components of the vector momentum continuity equation, Eq. (3.7), can be written as a tensor continuity equation. We adopt the notation
2)
and
, where 
In the limit of a spatially homogeneous medium, or piecewise homogeneous medium, the continuity equations can be written in terms of the reparameterized coordinates,
and the gradient term, Eq. (4.4), is negligible. The gradient term can also be neglected for a medium that is spatially homogeneous over an arbitrarily large region of space with slowly varying index at the edges.
In the electrodynamics literature, the energy and momentum continuity equations are often written as a tensor energy-momentum continuity equation. Adopting tensor notation, we usē
to denote our reparameterized differential operator. Then the energy and momentum continuity equations, Eqs. (4.5), can be represented by the material fourdivergence of the energy-momentum tensor T αβ C as
where
is the energy-momentum tensor. Substituting Eqs. (4.1)-(4.3) into Eq. (4.8), we obtain the traceless, diagonally symmetric, purely electromagnetic energy-momentum tensor The energy-momentum tensor, Eq. (4.9), can also be constructed from the macroscopic field strength tensor. Based on the traditional Maxwellian macroscopic field strength tensor, we make an ansatz
for the field strength tensor F C and the dual field strength tensor F C . Then the macroscopic field equations can be obtained from the field strength tensor and the dual field strength tensor. For a piecewisehomogeneous medium, the explicitly covariant alternative forms of the Maxwell-Ampère law, Eq. (2.13a), and Gauss's law, Eq. (2.13b), are obtained from
in the absence of charges and currents, where α ∈ {0, 1}. Likewise, the explicitly covariant alternative forms of the Faraday law, Eq. (2.13c), and Thompson's law, Eq. (2.13d), are produced bȳ
where α ∈ {2, 3}. Consequently, our ansatz, Eqs. (4.10), is confirmed by a proof by demonstration. It is easily proved, by demonstration, that
reproduces Eq. (4.9).
V. SUMMARY
In this article, we discussed the fact that the field equations for macroscopic electric and magnetic fields in a simple linear medium are not unique. Then we derived a variant formulation of the field equations as an identity of the macroscopic Maxwell-Minkowski equations for a linear medium thereby extending the results of Sec. 2 of Ref. [12] for a dielectric medium to a medium with both a linear magnetic response and a linear dielectric response to a propagating electromagnetic field. Although such matters are ordinarily trivial, the particular form of the macroscopic field equations has some important features. Firstly, the Hamiltonian is explicitly quadratic in the macroscopic fields. Consequently the Lagrangian will be explicitly quadratic in the fields consistent with a conservative system. The electromagnetic energy
and the electromagnetic momentum
are conserved quantities that are constant in time [12] . Secondly, the material properties are carried as a renormalization of the temporal and spatial coordinates instead of as independent material constants. Consequently, there is a different flat, non-Minkowski, material spacetime [27] for each set of material parameters, n e and n m , in this formalism [14, 26] . This interpretation of the result is severable from the fact that the set of macroscopic field equations, Eqs. (2.11), is an identity of the macroscopic Maxwell-Minkowski equations, Eqs. (2.2), and constitutes a provably correct basis for the description of macroscopic electrodynamic fields in a simple linear magneto-dielectric medium.
The implications of this work are scientifically uncomfortable and it has been argued by reviewers for various scientific journals that the formalism that is derived in this article and in Ref. [12] violates fundamental physical principles. However, these arguments are based on wellknown antecedent applications of fundamental physical theories to a simple linear medium (e.g., von Laue's dielectric special relativity), but not on the [10, 11] fundamental physical principles (e.g., Einstein's special relativity), themselves [12, 13] . The essential point of this communication is that the variant formulation of macroscopic field equations, Eqs. (2.11), is a rigorously derived and valid identity of the macroscopic Maxwell-Minkowski equations for a simple magneto-dielectric medium. Consequently, any physical principles that are inconsistent with Eqs. (2.11) do not prove an error in the derivation of Eqs. (2.11) but, instead, indicate either i) an error in the application of the fundamental physical principles, which are intrinsic to the vacuum, to a linear magneto-dielectric medium, ii) an inconsistency between the macroscopic Maxwell field equations and the fundamental physical principles, or iii) both. Having proven Eqs. (2.11) to be identities of the macroscopic Maxwell-Minkowski equations for a simple linear medium, we can use these results in future work without further argument about their validity.
